During the past decade a number of variations in the simple up-down procedure have been used in psychoacoustic testing. A broad class of these methods is described with due emphasis on the related problems of parameter estimation and the efficient placing of observations. The advantages of up-down methods are many, including simplicity, high efficiency, robustness, small-sample reliability, and relative freedom from restrictive assumptions. Several applications of these procedures in psychoacoustics are described, including examples where conventional techniques are inapplicable.
For the forced-choice experiment (Fig. 2) it is frequently of interest to determine only one point*on-the psychometric function, such as the X7.
• level. This value has also been used to define the difference limen. Many experiments, of course, require that more than one point on the curve be determined.
C. Basic Assumptions
Several basic assumptions are usually made when rising up-down, or conventional testing procedures.
These are (1) The expected proportion of positive responses is a monotonic function of stimulus level (at least over the region in which observations are made).
(2) The psychometric function is stationary with time, i.e., there is no change in the shape or location of the function during the course of a test.
(3) The psychometric function has a specific parametric form, e.g., cumulative normal.
(4) Responses obtained from the observer are independent of each other and of the preceding stimuli.
Of the above four assumptions, (1) is the least restrictive and the only one that is essential in using the up-down procedure. Assmnptions (2), (3), and (4), although not essential, often facilitate experimental design. Conventional procedures, such as the method of constants, usually require assumptions (2), (3), and (4).
D. Some General Principles
Two basic considerations govern the use of any experimental procedure: (1) the placing of observations and (2) estimation based on the resulting data. The most desirable situation is obviously good placing of observations followed by a good inethod of estimation. The least desirable situation is bad placing of observations followed by a bad estimation procedure. In many practical cases it is sufficient to have good placing of observations followed by a simple but adequate method of estimation. This situation is far better than poor placing of observations followed by a highly sophisticated, highly efficient estimation procedure. A good • procedure is defined here as one that is highly efficient, robust, and relatively free of bias.
Good placing of observations depends on the parameters to be estimated. If one is interested in estimating X•, for example, • one should place observations as close to X• as possible. If one is interested only in estimating ,, observations should be placed on either side of, but at some distance from, Xa0. The value of an adaptive testing procedure should now be obvious. In order to get good placing of observations, it is necessary to have some knowledge of the quantities to be estimated. As we gather information during the course of an experiment, so we may use this information to improve our placing of observations on future trials. The advantage of this procedure is that the data generally cover a wide range, and additional tests on the validity of the parametric assumptions can be included. A typical rule of thumb is for the experimenter to place the observations so as to roughly cover the range X•0 to X90. Frequently, however, a preliminary experiment is necessary in order to get some idea of the required range. The stimuli are presented in random order so that the subject cannot anticipate the stimulus sequence. Table  I , which converges on the X70.7 level. The rule for changing stimulus level is analogous to that for the simple up-down procedure, except that one of a set of response sequences is required before a chinage in stimulus level. As with the simple up-down procedure, a run is a sequence of changes in stimulus level in one direction only. (Cornsweet, 1962; Smith, 1961) ; that is, two or more tests are performed simultaneously where observations for each of the tests are assigned at random.
I. CONVENTIONAL PROCEDURES

B. The Transformed Up-Down Procedure
The simple up-down procedure is designed primarily to place observations in the region of Xa0 and hence is not well suited for estimating points other than Xs0. A general method for estimating points on a psychometric function is the transformed up-down procedure. Observations, or sequences of observations, are categorized into two mutually exclusive groups. These are termed the uP group and the •)owN group, respectively. The method of grouping the observations depends on the point to be estimated. Table I The transformed up-down strategy tends to converge on that stimulus level at which the probability of a t)owN response sequence equals the probability of an try responses equence (i.e., the probability of either equals 0.5). It is a relatively simple matter to compute the probability of obtaining either an m, or a t)owbr sequence. For example, referring again to Entry 2 of Table I Wald's method of sequential testing is designed specifically for minimizing the expected number of trials required for determining, with specified error probabilities, whether or not a given hypothesis is true. For the case of binary data, the technique can be used to determine if the probability of a positive response lies within prescribed bounds. 6 The probability-ratio rule may be applied to up-down testing (Taylor and Creelman, 1967) by increasing the stimulus level whenever the rule indicates that the probability of a positive response lies below the lower bound, and decreasing stimulus level whenever the rule indicates that the probability of a positive response lles above the upper bound. Given an intelligent choice of the a and • error probabilities and of the prescribed bounds within which the measured probability should lie, an up-down procedure of this type will converge rapidly on the target value and concentrate observations within the prescribed region. Simplifying assumptions, such as setting a=B, p--p1 =p2--p, may be used, leading to simple practical procedures for deriving the up or Dow• response sequences. The special advantages of this procedure depend on the intended application and the choice made for a, B, p•, and P2. In general, the technique provides the experimenter with greater power and flexibility in controlling the placing of observations. The relevant response sequences, however, may be more complicated than those shown in Table I .
The transformed response curve may be computed for the probability-ratio rule as for any other grouping of response sequences. The simple mid-run estimates are also applicable to this technique, provided the step size is fixed over one or more runs. The PEST procedure as specified by Taylor and Creelman (1967) is an amalgam of the probability-ratio rule and some special rules for changing step size, including the possibility of an increase in step size. As such, it is difficult to evaluate in terms of known results for the simple up-down procedure.
A technique which has important implications for up-down testing is that of interleaving trials from two or more sequential strategies being run concurrently. One important practical application is that when two points symmetrically placed about X•0 are to be estimated. Trials for the two strategies may be interleaved at random. The particular strategies to be used In the lateralization study there was every reason to expect the psychonretric function to be symmetric about the midpoint; i.e., a delay to the left ear has a similar but opposite effect as a delay to the right ear. Not all pyschometric functions, however, exhibit the same degree of symmetry. In a recent study on the detection of a 250-Hz tone in noise using a ¾gS-NO technique (Levitt and Bock, 1967) , the slope of the response curve in the region of 29.3% detection was almost one-third less than that in the region of 70.7% detection. A concomit.qnt result was that the precision of estimation for the X,0., point was correspondingly greater than that for the X•s.a point. An analogous effect occurs with the B6k6sy audiometer in that the variability of valleys (minima in stinmlus level) is greater than the variability of peaks (maxima in stimulus level).
A less obvious application of transformed up-down procedures is to extend the range over which the transformed response curve is approximately symmetric. In an experiment on intelligibility testing (Levitt and Rabiner, 1967), it was found that the intelligibility function flattened off sharply at 80070 intelligibility. A simple transformation was used (Entry 8, Table I ) which raised the flattening effect on the transformedresponse curve to above the 90% level. As a result, a substantially greater portion of the data fell within the symmetric region of the intelligibility function, leading to fewer wasted observations and greater efficiency in estimating Xa0. Note that, in this case, unlike other transformed up-down procedures, the strategy converged on the 50% level.
A key assumption in a large number of testing procedures is that each response is independent of preceding stimuli and responses. This is not always a safe assumption, and it would be convenient to test this assumption during the course of an experiment. A convenient method of doing this is to run two or more identical up down strategies concurrently and to interleave the trials for each strategy according to a rule such that, should a sequential dependency exist, there would be a significant difference between the estimates obtained from each strategy (Levitt, 1968 An. important advantage of the method of interleaving by rule is that the effect of a response dependency is obtained directly in terms of the quantity being measured. Usually, data on sequential dependencies are specified in terms of transitional probabilities, and it is not always easy to gauge the possible effect on the measurements of wrongly assuming independent responses. In many psychoacoustic investigations, the assumption of independent responses is no more than a simplifying approximation, and it is important to know if the accuracy of the measurements is affected more than negligibly by a breakdown in this assumption.
A useful conceptual aid for evaluating the performance of up-down strategies when sequential dependencies are known to exist is the transitional response curve. Figure 7 shows the transitional response curves for a first-order response dependency. The upper curve shows probability of a positive response as a function of stimulus level given that the previous response was positive. The lower crowe shows the probability of a positive response, given that the previous response was negative. The two curves of Fig. 7 are based on data obtained for one subject in an experiment on sequential response dependencies in the YEs No detection of a 250-Hz tone (Levitt, 1968) . Note that the two curves diverge at low detection levels. The difference between the two curves at the 50% level is roughly 1 dB. This is the expected difference between the estimates for two simple up-down strategies interleaved according to the rule described earlier. The transformed response curves for data having a known response dependency may be derived froin the transitional response curves in a manner analogous to that shown in greater practical importance. In many cases, increased efficiency represents an improvement in degree, whereas freedom froin restrictive assumptions represents an improvement in kind. Thus, for example, it is possible to use the up-down procedure to track gradual drifts in parameter values or to compensate for an unpredictable trend in one parameter while estimating a second parameter. Both of these problems are beyond the scope of the conventional method of constants, which requires the assumption of a fixed response curve. In addition, up-down methods do not require any parametric assumptions regarding the form of the response curve. The only major restriction is that the probability of a positive response increase monotonically with stimulus level. A very large number of experiments in psychoacoustics satisfy this requirement. Also, the restriction of monoticity need only hold over the range in which data are to be placed.
Although up-down procedures are relatively free of restrictive assumptions, it is nevertheless to the experimenter's advantage to make use of additional assumptions if they are known to be reliable. The choice of initial-value step-size rules for controlling step size and methods of interleaving depend on the experimenter's prior knowledge, however rough, of the quantities to be measured. If reasonable assumptions can be made regarding the form of the response curve, the extent of possible drifts in parameter values and the existence (or absence) of any significant response dependencies, then an extremely efficient up-down strategy can be designed. If one or more of these assumptions turns out to be false, however, then the penalty is a loss in efficiency rather than an invalid result.
It is important to recognize the distinction between the problem of placing observations and the subsequent estimation problem. Although the same statistical methods can be used for both purposes (e.g., in estimating Xv, each observation could be placed at the best current estimate of Xv), there is a substantial difference in emphasis between the two operations. Whereas some latitude may be allowed in precision of placing, as shown by the fairly flat curves of Fig. 3 , whatever mistakes are made during this operation are irreparable.
No amount of statistical manipulation can overcome the effects of bad placing of observations. It is also possible that the final estimates may be obtained by using additional information which was not available for the placing of observations. Similarly, ancillary information may be used to assist in the placing of observations, but which is not used in the subsequent data analysis. A practical example of the latter situation is as follows. On each trial, the subject is required to give both a binary judgment and a confidence rating. The binary judgments are used to decide on the direction of change in the stimulus level, as in any standard up-down procedure, and the confidence ratings are used to decide on the step size; e.g., a large step size is used after a high confidence rating. The psychometric function, however, is fitted to the binary data only by means of conventional techniques (e.g., maximum likelihood). It is not permissible to use the simple midrun estimates in this context, since steps of variable size are used. The role of the confidence ratings is to improve the placing of observations. The information obtained from the ratings appears potentially most useful during the early part of an experiment, where little is known a priori about the location or scale of the psychometric function. The experimenter can, at any stage, revert to a standard up-down procedure using binary data only.
Throughout this paper, the emphasis has been on simple, practical procedures that do not require complicated equipment. If, however, sophisticated instrumentation is available, then more complex adaptive strategies can be used to advantage. Hall (1968), for example, has developed an on-line procedure using a digital computer such that each observation is placed at the maximum-likelihood estimate of the target value derived from the data already at hand. In another application, Smith (1966) has derived a strategy in which the information gained on each trial is maximized. Predictions of precision based on the curves of Fig. 3 indicate that a well-designed up-down procedure (such as a good approximation to the Robbins-Monro procedure) will place observations sufficiently close to the target value so as to obtain a precision of estimation within about 30% of that obtainable, if all data were to be placed at the target value. Since no procedure can consistently place observations exactly at the target value, the potential gain in efficiency in going from a well-designed up-down procedure to the more sophisticated procedures is not very great. However, for more complicated experiments in which several variables are under the control of the experimenter, the cumulative gain in efficiency may be quite large. The major advantages of computer-assisted testing would seem to lie not so much in improving efficiency in fairly standardized experiments, but rather in developing new methods of experimentation.
In conclusion, it should be noted that there is no generally optimum testing procedure. Each technique has its own merits and shortcomings. Techniques that are theoretically very highly efficient are usually more complex and tend to place greater reliance on the underlying assumptions. Special problems also occur with small samples. Many of the theorems showing maximum efficiency or maximum rates of convergence are only asymptotically true, and testing procedures based on these results may be inferior in experiments of limited size. In psychoacoustics in particular, where experiments are of limited duration and the reliability of underlying assumptions are often suspect, it is valuable to have a flexible set of testing procedures that are not heavily dependent on underlying assumptions and are readily adapted to match the requirements of a given experiment. Transformed up-down methods provide an extensive family of such procedures. Furthermore, these techniques are simple, robust, and highly efficient.
t It is, of course, possible to speak of optimum procedures where some desirable property of the estimate (e.g, efficiency) is maximized. However, since over-all quality involves several different properties, it is more realistic to speak of "good" rather than "optimum" procedures. • UDTR stands for up-down transformed response (Wetherill and Levitt, 1965).
• For example, if p• and p• are the upper and lower bounds, respectively, and p is the expected proportion of positive responses, then the probability-ratio rule will minimize the number of trials required on average, to determine if p>p• or p<p• with error probability • of wrongly decreasing level when p <p•, and error probability • of wrongly increasing level when p>p•.
